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Abstract: We apply the techniques of |BL10j to study joint eigenf unctions of the Lapla- 
cian and one Hecke operator on compact congruence surfaces, and joint eigenfunctions of 
the two partial Laplacians on compact quotients of IH x H. In both cases, we show that 
quantum limit measures of such sequences of eigenfunctions carry positive entropy on al- 
most every ergodic component. Together with the work of [Lin06] . this implies Quantum 
Unique Ergodicity for such functions. 

1. Introduction 

The purpose of this note is to point out an application of the techniques developed 
in the context of our work |BL10j on eigenfunctions of large graphs to some Quantum 
Unique Ergodicity problems. 

Our first result concerns certain compact hyperbolic surfaces r\H[ of arithmetic con- 
gruence type. One can consider more general F, but for concreteness and simplicity we 
restrict to the following situation. Let if be a quaternion division algebra over Q, split 
over M, and R an order in H. Fix an isomorphism \I' : H(R) = Mat2(M). For a & R 
of positive norm n{a), we write a = n{a)~^/'^'^{Q) G 5-^2(1^). Set F to be the image 
under ^> of the subgroup of norm 1 elements of R. As is well known, F is discrete and 
co-compact in S'L2(M), and so the quotient X = T\SL2{M.) is a 2-to-l cover of the unit 
cotangent bundle of a compact hyperbolic surface M = F\EI. 

Write R{m) for the set of elements of R of norm m, and define the Hecke operator 



m 

aeR{l)\R{m) 

as the operator averaging over the Hecke points 

Tm{x) = {ax : a G R{l)\R{m)} 

We will be interested in the case where m = are powers of a fixed prime p. It is 
well known that Tpk is a poljTiomial in Tp\ so in particular, eigenfunctions of Tp are 
eigenfunctions of all Tpk. For all but finitely many primes, the points Tpk{x) form a p + 1- 
regular tree as k runs from to oo; we will always assume that p is such a prime. We 
denote by Spk the sphere of radius k in this tree, given by Hecke points corresponding to 
the primitive elements of R of norm p^. 
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For any eigenfunction (pj of the Laplacian A on M, normalized by ||0j||2 = 1, one 
can construct a measure fij on S*M (which we view as a measure on the double cover 
r\S'L2(M)) called the microlocal lift of which is asymptotically invariant under the 
geodesic flow as the Laplace eigenvalue of (pj tends to infinity. We shall use the variant of 
this construction used in |Lin01l[Lin06j . due to Wolpert |Wol01] . where fij = \^j\'^dVol for 
suitably chosen $j G L'^{S*M) in the irreducible representation of SL2{R) on r\S'L2(M) 
generated by translates of (pj. The construction satisfies that $j is an eigenfunction of Tp 
when (f)j is. Since A commutes with all of the Tp, we may consider sequences {(f) j} of joint 
eigenfunctions, whereby each is also an eigenfunction of Tp (with the same eigenvalue 
as 

Theorem 1. Let p be a prime (outside the finite set of bad primes for M), and let 
be a sequence of L'^ -normalized joint eigenfunctions of A and Tp on M. Then 
any weak-* limit point /i of the microlocal lifts fij has positive entropy on almost every 
ergodic component. 

Note that even without any Hecke operators, Anantharaman [AnaOSj has shown (for 
general negatively curved compact manifolds) that any quantum limit has positive en- 
tropy, and this has been further sharpened in her joint work with Nonnenmacher [AN07] 
(see also [AKN07] ). Hence the point of Theorem [1] is that it gives information on almost 
all ergodic components of a quantum limit. In view of the measure classification results 
of |Lin06] . this implies the following: 

Corollary 1. Let {(pj} as above be a sequence of joint eigenfunctions of A andTp. Then 
the sequence fij converges weak-* to Liouville measure on S*M. 

In |Lin06] . it was shown that if the sequence {(pj} consists of joint eigenfunctions of 
A and all Hecke operators, then the fij converge to Liouville measure. The assumption 
that (pj is an eigenfunction of all Hecke operators was used only to establish, through 
the work of Bourgain and the second named author |BL03j . that /i has positive entropy 
on a.e. ergodic component. Hence Theorem [T] gives, at least formally, a strengthening 
of the result of |Lin06] . It should be noted that if the multiplicities in the Laplace 
spectrum are uniformly bounded — as is conjectured to be true in this setting — then 
|Lin06] immediately implies QUE for any sequence of Laplace eigenfunctions, without 
making an additional assumption of Hecke invariance, and our result would be absorbed 
therein. However, very little is known about these multiplicities at the present time. 

Our methods also apply to the case of M = r\M. x H, with F a co-compact, irreducible 
lattice in SL{2, M) x SL{2, M). Here we do not assume any arithmetic structur^; instead, 
we take the sequence {(pj} to consist of joint eigenfunctions of the two partial Laplacians, 
each on the respective copy of HI (equivalently, the (pj are joint eigenfunctions of the 
full commutative algebra of 5'L(2,M) x S'L(2, M)-invariant differential operators). The 
Laplacian on M is the sum of the two partial Laplacians, and so the large eigenvalue limit 

^By Margulis' Arithmeticity Theorem such lattices are necessarily arithmetic, though it is not known 
if they are necessarily of congruence type (which is necessary for the existence of Hecke Operators with 
good properties.) 
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for the Laplacian entails at least one of the two partial eigenvalues going to infinity (after 
passing to a subsequence, if necessary). 

Without loss of generality, we assume that the eigenvalues in the first coordinate are 
tending to infinity. By usual semiclassical arguments (see |Lin01] ). this means that the 
microlocal lift to r\S'L(2, M) x H becomes invariant under the action of the diagonal 
subgroup A of SL{2,M.) acting on the first coordinate. By applying our analysis to the 
action of SL{2, R) on the second coordinate — which commutes with the action on the first 
coordinate — "in place" of the Hecke operator Tp, we are able to prove that any quantum 
limit of such a sequence must also carry positive entropy on a.e. ergodic component 
(with respect to the A-action on the first coordinate). Thus, the result of |Lin06j again 
applies to show that \(f)j\'^dVol converges weak-* to the Riemannian measure dVol on M. 
The argument is analogous to the one presented here for the rank-one arithmetic case 
in Theorem [H and we intend to supply complete proofs of both results in a forthcoming 
paper. 

The results of |BL03] were generalized by Silberman and Venkatesh jSVOTj ISVIO] who, 
using the measure classification results of |EKL06] . were able to extend the QUE results 
of |Lin06j to quotients of more general symmetric spaces (they also had to develop an 
appropriate microlocal lift). It is likely possible to extend the techniques of this paper to 
their context. 

Regarding finite volume arithmetic surfaces such as SL{2, Z)\EI, it was shown in |Lin06j 
that any quantum limit has to be a scalar multiple of the Liouville measure, though not 
necessarily with the right scalar, and similar results can be provided by our techniques 
using a single Hecke operator. Recently, Soundararajan jSouOQ] has given an elegant argu- 
ment that settles this escape of mass problem and (in view of the results of |Lin06] ) shows 
that the only quantum limit is the normalized Liouville measure. An interesting open 
question is whether our p-adic wave equation techniques can be used to rule out escape of 
mass using a single Hecke operator. We also mention that Holowinsky and Soundararajan 
|HSj have recently developed an alternative approach to establishing Arithmetic Quan- 
tum Unique Ergodicity for joint eigenf unctions of all Hecke operators. This approach 
requires a cusp, and is only applicable in cases where the Ramanujan Conjecture holds; 
this conjecture is open for the Hecke-Maass forms, but has been established by Deligne 
for holomorphic cusp forms which our approach does not handle. 



2. The Propagation Lemma 
The following lemma proved along the lines of [BLIP] is central to our approach: 

Lemma 1. Let t] > 0. For any sufficiently large N E N (depending on rj), and any Tp 
eigenfunction there exists a convolution operator Kn on S*M satisfying: 

• Kisf{6x) is supported on the union of Hecke points y G Tpj{x) up to distance j < N 
in the Hecke tree, and is constant on the spheres Spj{x). 
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Kjq has matrix coefficients bounded by 0{p ), in the sense that for any x G S*M 



N 



• Any Tp eigenfunction is also an eigenfunction of Kj^, of eigenvalue > —1. More- 
over, $j has Kjy- eigenvalue > r]~^. 

Lemma [1] is based on the well known connection between Hecke operators and Cheby- 
shev polynomials. A way to derive these which we have found helpful is via the following 
p-adic wave equation for functions on Q 



n+1 



„ r) ^ 



n+1 



_T vl/ _|_ $ 



which is a discrete analog of the non-Euclidean wave equation (more precisely, of the 
unit time propagation map for the wave equation) on H. For initial data ($0) ^o) ^ 
L^(^) X L'^{G), the solution to this equation is given by the sequence 



Pn 



Pn 



2 ^ 

^ ^ n 



rp2- 

1 - ^ ) Qn-1 



n-1 



4 



2 ^ 



2 ^ 



$0 



where P and Q are Chebyshev polynomials of the first and second kinds, respectively, 
given by 



Pnfcosi 



Q„„i(cosi 



cos n9 
sin 9 



This can be proved directly by induction, using the recursive properties of the Chebyshev 
polynomials. 

Suppose we take initial data (5o)0). The solution to the p-adic wave equation is then 
{(P„[iTp](5o, (5„-i[|Tp]5o)}- On the other hand, we can compute the explicit solution 
inductively; looking at the first coordinate, we get the following "Propagation Lemma" 
on the tree: 

Lemma 2. Let 5q be the delta function at in the p + 1-regular tree. Then for n even, 
we have 



P„ 



2 ^ 



5o(x) 





j~p 

2p"/2 



|x| odd or \x\ > n 
\x\ < n and \x\ even 
\x\ = n 
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In particular, we have 



-T 

. -J- n 



5o(x) <p-"/^ 



We now have a description of the p-adic wave propagation in both spectral and spacial 
terms, which we will use to construct our desired radial kernel Kf^ on the Hecke tree. 
As is already evident in Lemma [21 it will be convenient to write the Tp-eigenvalues as 
2 cos(^), where 

• The tempered spectrum is parametrized hj 6 E [0, vr]. 

• The positive part of the untempered spectrum has i9 G (O,log^). 

• The negative part of the untempered spectrum has i9 + n E (0, log ^/p). 

Consider first the case where $j has Tp-eigenvalue 2, or ^ = 0. Denoting the Fejer 
kernel of order M by Fm, we set the spherical transform of to be 

hKM=FM{qe)-l 

Now Fj\/(0) = AI and Fm is non-negative, so the third condition of Lemma [T] is satisfied 
on the tempered spectrum, as long as M > r/"^ + 1. Moreover, we can write 



FM{qO) 



M 



and observing that cos{jq6) > cos(O) on the entire untempered spectrum as long as q is 
even, we see that the third condition holds on the full spectrum. We also observe that 



\K 



N\\L^{g)^L°°{g) 



M 



M 



2 ^ 



Li(g)->L°°(g) 



i=i 

which satisfies the second condition of Lemma [H as long as g > 2N6. Moreover, since 
each Pjq[^Tp\6o vanishes outside the ball of radius Mq, the first condition is satisfied 
once Mq < N. So we may take M = \ri~^] + 1, and q = 2[N/2M\, which yields 
6 = \_q/2N\ > f]. The same kernel also works for ^ = vr or untempered 6. 

We must now consider 6 G (0, vr). By Dirichlet's Theorem, we may find a g' < Nrj such 
that q'9 is close to 0; so close, in fact, that we may take as large an even multiple q of q' 
as necessary to insure that, for a suitable constant c, we have 



cNt]^ <q< 2Nr] 

while q9 is still close enough to that we have F2M{,q&) > V^^ 
can take 6 > cr/^, and Lemma [1] follows. 



1. Thus in this case we 
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3. Proof of the Main Result 

The following estimate can be derived using the techniques of |BL03j , specifically Lem- 
mas 3.1 and 3.3 there (much more general statements of this type by Silberman and 
Venkatesh can be found in [SVlOj ). 

Lemma 3. Forr fixed but small enough, there exists a constant c (depending only on t), 
such that for any x,z ^ X , and any e < cp~'^^ , the tube zB{e, r) contains at most 0{N) 
of the Hecke points 

{ax : a G T^j (x) for some j < N} 

Sketch of proof of TheoremUi' Take any sufficiently fine partition V of S*M, and consider 
its refinement under the time one geodesic fiow. Any partition element of the refinement 
is contained in a union of Oc(l) tubes of the form xB{cp~'^^ ,t) for some x G S*M. We 
assume that c is sufficiently small, according to Lemma [3l independent of rj and N. 

Take a collection {Ei,E2, . . . ,Ek} of distinct partition elements of the [2A^ logpj-th 
refinement of V, of cardinahty K, and set £ = IJ^i to be their union. Let Ie,. denote 
the characteristic function of each Ek, and similarly = J^Ekce^^k- To each Ek we 
associate, as above, Oc(l) tubes Bkj = Xk,iB{cp~^'^ ,t) whose union contains Ek. 

Now assume that fi{S) > t]; by definition, this implies that there exists a j such that 
fj'jiS) = W^jlsWl > 77 as well. Consider the correlation 

We will estimate this in two different ways. First, since Kn has small matrix coefficients, 
we have 

K 

If), $jlBfe)L2(£;fe) 

k=l 
K 

< Y,\\^N{^jle)\\LHE,)\\^olE,\\2 
k=l 

K 
fc=l 

K K 



i=l ~ ~ k=l 
K K 

< V max iVp-^^||<l>,lsJ|2V||$,l£;J|2 



i=l ~ ~ k=l 

by Lemmas [3] and [H since each Ei contributes at most 0{N) terms of size p~^'^ to 
\\Ki\f{^jlEi)\\L'2{Ek) — were there x E Ek having CN Hecke points in |J -Bj,z, then there 
would be have to be > CiV Hecke points in a single Bi^i, all at distance < iV in the Hecke 
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tree; this contradicts Lemma [3] once C is large enough. Therefore, 

K K 





i=l 




< 


Np~ 
















< 


Np" 








k=l 


< 


Np~ 




1. 







k=l 

2 



(1) 

Since Eti\\^AE,\\l<m\_ 

On the other hand, we can decompose ^jls spectrally into an orthonormal basis (of 
L'^{S*M)) of Tp eigenfunctions {ipi} 3 ^j, which a fortiori also diagonalize Kn, and notice 
that 



with 



\^M\l-\\^M\l 

2/ 



< ||$,l,||^(l-r^) 

by the assumption that H^jl^Hg > rj. 

Now by Lemma [U since {ipi} diagonalizes Kat, and the K]si eigenvalue of each ifji is at 
least —1, we have 

> \\^,U\\lmAe\\l-V-'-il-v)) 
(2) > r]{r] ■ r]~'^ - 1 + 7]) = 7]"^ > 

Therefore, combining ([1]) and ([2]), we have 

Np-'^^K > rf 
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and so 

K > rfN-^p'"" 

Since this holds for any collection of partition elements of total /^-measure > r/, we conclude 
that there is at most //-measure 77 on ergodic components of entropy less than 5' > 5 > 0. 
Taking 77 — > 0, we get positive entropy on a.e. ergodic component of 
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